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Abstrat
We present a simple mehanism for generating undireted sale-free networks using
random walkers, where the network growth is determined by hoosing parent verties
by sequential random walks. We show that this mehanism produes sale-free net-
works with degree exponent γ = 3 and lustering oeients depending on random
walk length. The mehanism an be interpreted in terms of preferential attahment
without expliit knowledge of node degrees.
Key words: Disordered system, Networks, Sale-free networks, Random walks
PACS: 89.75.Da, 89.75.H, 87.23.Ge, 05.40.-a
Sine the seminal paper by Watts and Strogatz [1℄, muh researh has foused
on the properties of small-world and sale-free networks [2, 3, 4℄, as these
have been found to resemble many naturally ourring networks, suh as so-
ial networks [5, 6℄, sienti ollaboration networks [7℄, the WWW [8, 9℄ and
metaboli networks [10℄. Most naturally ourring networks an be harater-
ized by a high degree of lustering together with small average node-to-node
distane [1℄. In addition, these networks often display a power-law degree
distribution p(k) ∝ k−γ, where k denotes vertex degree and γ the degree ex-
ponent, whih is typially observed to lie within the range γ ∼ 2 − 3. The
emergent power law was originally explained by Barabási and Albert (BA) in
terms of ombining network growth and preferential attahment [11℄. The BA
preferential attahment model simply states that when a new node is added
to the network, it is preferentially linked to nodes already possessing a large
number of links. This intuitive mehanism results in sale-free networks with
γ = 3.
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Over the reent years, several new models for generating sale-free networks
have been proposed [12, 13, 14, 15, 16, 17, 18, 19℄. One motivation has been to
better apture the lustering properties of real-world networks [13, 16, 17, 18℄,
as these tend to exhibit far larger degree of lustering than BA networks.
Furthermore, the original BA model does not expliitly state how the pref-
erential attahment omes to be. The algorithm utilizes global knowledge of
vertex degrees but in the ase of real-world networks suh as soial networks
or the WWW, new verties joining these networks rarely have suh knowl-
edge. Despite of that, power laws emerge. Thus, determining growth-direting
rules whih only utilize loal information on vertex degrees and onnetions
is of importane. These ideas have been elaborated in Refs. [12, 19℄, where it
was shown that in direted networks, random walkers moving along the edges
of a network and probabilistially reating new links to their urrent loa-
tions eventually results in sale-free degree distributions. The idea of reahing
highly onneted verties by following random links was also utilized by Cohen
et al. [20℄ in the ontext of eetive immunization strategies.
Here, we present a simple undireted network growth mehanism based on
random walks of xed length, and show that it leads to a sale-free network
struture with BA degree exponent γ = 3. Furthermore, the lustering proper-
ties of the network are determined by the random walk length. The algorithm
goes as follows:
(i) The network is initialized with m0 verties, onneted to eah other.
(ii) A random vertex is hosen as the starting point of the random walk.
(iii) At eah step of the walk, the walker moves to a randomly hosen neighbor
of the urrent vertex. After l steps, the vertex at whih the random walker has
arrived is marked. The walk is repeatedly ontinued for l steps until m ≤ m0
dierent verties are marked.
(iv) A new vertex is added to the network and onneted to the m marked
verties by undireted links, and the whole proess is repeated starting from
step (ii), until the network has grown to the desired size of N verties.
Note that in step (iii), the walker is allowed to trae its steps bakwards. Thus
the walk is not self-avoiding, as it would otherwise easily get stuk. If the
walker arrives at an already marked vertex after l steps, a new l-length walk
is started from that vertex.
In this algorithm, preferential attahment follows from the fat that the prob-
ability of the random walker ending up at a highly onneted vertex is higher
than that of it ending up at a vertex with less onnetions. In the ontext
of e.g. WWW or soial networks, the idea is intuitively appealing. Analo-
gously, we tend to learn to know new people through those people we already
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know, whih quikly leads us to popular persons without expliitly looking
for them.
In the following, we show that hoosing verties by the random walk method
is equivalent to the BA preferential attament rule [11℄, stating that the prob-
ability P of node i being hosen depends on its degree ki:
P (i) =
ki∑
j kj
. (1)
Here
∑
j kj denotes the sum over the degrees of all nodes, that is, the total
number of onnetions within the network. Let us dene P (A) as the proba-
bility that vertex A is hosen as the initial vertex, P (A) = 1/N , and P (B) as
the probability that we arrive at its neighbor vertex B by following one of the
kA links attahed to A. We an derive an expression for P (B) by utilizing the
Bayes rule:
P (B) =
P (B|A)P (A)
P (A|B)
, (2)
where the onditional probability P (B|A) denotes the probability of arriv-
ing at B if A is hosen as the starting vertex. This probability equals the
probability that of the kA links out of node A, the orret link is followed:
P (B|A) =
1
kA
. (3)
Likewise, the onditional probability P (A|B), i.e. the probability that if the
walk arrived at B it originated at A, an be written as
P (A|B) =
1
kB
. (4)
Combining all the above we arrive at
P (B) =
kB
NkA
. (5)
If we now ontinue the walk and utilize the derived result for P (B) in al-
ulating the probability of the walker ending up at node C within one single
step, we get
P (C) =
kC
NkA
, (6)
as kB anels out. Thus, the random walk length l does not inuene the
probabilities of nodes to be hosen at all, although it plays a role in determining
the lustering properties of the network, as we shall see below. Finally, as node
A was hosen randomly, its degree kA equals, on the average, the average
degree 〈k〉 of the network, and sine NkA = N〈k〉 =
∑
j kj, we arrive at
the BA preferenial attahment rule (1), with the well known onsequene
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for the degree distribution p(k) ∝ k−3, i.e. the degree exponent γ = 3. It
should be noted that degree-degree orrelations ould in priniple inuene
this outome; however, no signiant orrelations were found in simulated
networks generated by our random walk method.
Figure 1 displays the degree distribution p(k) versus k on log-log sale, ob-
tained by simulations for m = 2, 4, 8, 16, with N = 106, and averaged over 100
runs eah. The random walk length was hosen l = 1. In this gure, the solid
lines indiate orresponding BA degree distributions of the form [21, 22, 3℄,
p(k) =
2m(m+ 1)
k(k + 1)(k + 2)
, (7)
whih at the limit m≫ 1, k ≫ 1 an be written in the ommon form p(k) =
2m2/k3. It is evident that the simulated degree distributions math very well
with the theoretial ones. We have also repeated the same runs for larger
values of l and obtained very similar results, onrming the fat that the
random walk length does not seem to inuene the degree distribution.
However, as mentioned above, the random walk length l is not irrelevant for
the network properties. When m > 1, one an expet that short random walk
lengths give rise to highly lustered networks. The degree of lustering should
be espeially high when l = 1, as every growth step then results in the for-
mation of at least m− 1 triads of onneted verties. Clustering is measured
in terms of the lustering oeient, whih denotes to what degree the neigh-
bors of a vertex are also neighbors to eah other, and it has maximum value
Cmax = 1 for a fully onneted network. The average lustering oeient C
of the whole network [1℄ is dened as the ratio of the existing links Ei between
neighbors of vertex i to the possible number of suh onnetions, averaged
over the whole network:
C = 〈Ci〉 =
〈
2Ei
ki(ki − 1)
〉
. (8)
The ase m = 2 is espeially interesting: one an easily see that with l =
1, the random walk model is idential to the Holme-Kim model [13℄ with
triad formation probability Pt = 1. Furthermore, the lustering properties
are similar to the Dorogovtsev-Mendes-Samukhin model [14℄, as well as to
the highly lustered Klemm-Eguíluz model [17℄. In this ase, a new triad is
formed every time a new vertex is added to the network. We an alulate the
lustering oeient using a slight variation of the rate equation approah [23℄:
for eah vertex ∂E(k)/∂k = 1 with initial ondition E(2) = 1, resulting in
E(k) = k − 1. Thus, the lustering oeient of a vertex of degree k equals
C(k) = 2/k. Now the average lustering oeient is obtained by using the
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degree distribution of Eq. (7):
Cm=2,l=1 =
∞∑
k=2
2
k
2m(m+ 1)
k(k + 1)(k + 2)
, (9)
yielding a numerial value of Cm=2,l=1 ≈ 0.74. For l = 3, one an easily
see that new triads are most likely formed by the walker returning to the
previous vertex at steps 2 or 3. The probabilities of both the above ases an
be approximated to be 1/〈k〉, thus, on the average, ∂E/∂k ≈ 2/〈k〉 = 1/2.
Setting E(2) = 1/2 we get C(k) ≈ 1/k, yielding Cm=2,l=3 ≈ 0.37. For larger
odd values of l, the probability of the walker returning to one of the neighbors
of the rst marked node dereases, ausing the lustering oeient to derease
as well. It is interesting to note that a C(k) ∼ k−1-dependeny similar to the
l = 1 and l = 3 ases has been observed in several real-world networks [18℄.
The lustering oeient distribution C(k) = 2/k of the l = 1 ase is also
similar to the deterministi sale-free graph of Ref. [15℄.
Estimating the lustering oeient values for even random walk lengths turns
out to be more diult. In the l = 2 ase, ∂E/∂k ∼ E/(k〈k〉), i.e. a triad
is formed only if the walker at step 2 follows one of the already existing E
neighbor-neighbor links out of ∼ k〈k〉 possible links. This equation suggests
that for (low) even values of l, the triad formation probability is signiantly
lower than for odd values of l. It is also inuened by the initial onditions
(for l = 2, if there are no lusters in the initial onguration, no triads an
be formed at all), and the onguration of links added at the initial stages of
growth. Unlike for odd l-values, one an expet an inrease in lustering with
inreasing even l, as the probability of the walker returning to the viinity of
its starting point inreases.
Figure 2 illustrates the dependene of C on l for m = 2 and 4, alulated by
averaging over 100 runs of networks with size N = 25, 000. The l = 1 and
l = 3 values for the m = 2 ase math with the above preditions, as does the
overall shape of the urves. At low enough values of l, the lustering oeient
depends heavily on the random walk length. At odd values of l the generated
networks are highly lustered, but there is a large dierene between even and
odd values of l. This dierene disappears for large l, while at the same time
the lustering oeient onverges to a onstant value. The probable reason
for this is that l beomes large enough for the m nodes to be unorrelated,
and thus inreasing it further has no more an eet. Furthermore, investigation
of the lustering oeients of networks generated in individual runs reveals
that when l is small, there is only little satter for odd values of l, whereas
the oeients an dier greatly for even values of l.
Finally, we have investigated the dependeny of C on the network size. Figure
3 illustrates C as funtion of N for m = 4 and 8, and for several values of l.
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When the random walks are short, C appears quite independent of N . As dis-
ussed above, inreasing (odd) l results in a derease in lustering. However, as
l beomes large enough, we obtain lustering similar to that of BA networks,
where C(N) ∝ (lnN)2/N for m≫ 1 [17, 23℄. The solid lines indiate luster-
ing oeients C(N) alulated by using the asymptotially similar formula
(17) of Ref. [24℄, whih is more aurate at low m. The theoretial urves show
good agreement with our data. Thus, the BA preferential attahment model
ould be onsidered as the limiting ase of our model for l ≫ 1.
In onlusion, we have presented a random-walk-based undireted network
growth mehanism whih results in sale-free networks with degree exponent
γ = 3 without utilizing any knowledge of node degrees. Furthermore, we have
analytially shown that this mehanism leads to the Barabási-Albert prefer-
ential attahment rule for any random walk length, and thus, somewhat sur-
prisingly, even one-step random walks produe sale-free degree distributions.
This learly illustrates that growing networks an self-organize into sale-free
strutures even when based on simple, loal growth rules. We have also shown
that the lustering degree of the network depends on the random walk length
in addition to the network size. This degree beomes similar to that of BA
networks, when the random walks are long enough.
Aknowledgments
This work is supported by the Aademy of Finland, projet No. 1169043
(Finnish Centre of Exellene programme 2000-2005).
Referenes
[1℄ D. J. Watts, S. H. Strogatz, Nature 393 (1998) 440.
[2℄ S. H. Strogatz, Nature 410 (2001) 268.
[3℄ R. Albert, A.-L. Barabási, Rev. Mod. Phys. 74 (2002) 47.
[4℄ S. N. Dorogovtsev, J. F. F. Mendes, Adv. Phys. 51 (2002) 1079.
[5℄ L. A. N. Amaral, A. Sala, M. Barthélémy, H. E. Stanley, Pro. Natl.
Aad. Si USA 97 (2000) 11149.
[6℄ M. Girvan, M. E. J. Newman, Pro. Natl. Aad. Si USA 99 (2002) 8271
8276.
[7℄ M. Newman, Phys. Rev. E 64 (2001) 016131.
[8℄ R. Albert, H. Jeong, A.-L. Barabási, Nature 401 (1999) 130.
[9℄ B. A. Huberman, L. A. Adami, Nature 401 (1999) 131.
[10℄ H. Jeong, B. Tombor, R. Albert, Z. N. Oltvai, A.-L. Barabási, Nature 407
(2001) 268.
[11℄ A.-L. Barabási, R. Albert, Siene 286 (1999) 509.
[12℄ A. Vázquez, ond-mat/0006132 (2000).
[13℄ P. Holme, B. J. Kim, Phys. Rev. E 65 (2002) 026107.
6
[14℄ S. N. Dorogovtsev, J. F. F. Mendes, A. N. Samukhin, Phys. Rev. E 63
(2001) 062101.
[15℄ S. N. Dorogovtsev, A. V. Goltsev, J. F. F. Mendes, Phys. Rev. E 65
(2002) 066122.
[16℄ K. Klemm, V. M. Eguíluz, Phys. Rev. E 65 (2002) 036123.
[17℄ K. Klemm, V. M. Eguíluz, Phys. Rev. E 65 (2002) 057102.
[18℄ E. Ravasz, A.-L. Barabási, Phys. Rev. E 67 (2003) 026112.
[19℄ A. Vázquez, Phys. Rev. E 67 (2003) 056104.
[20℄ R. Cohen, S. Havlin, D. ben Avraham, Phys. Rev. Lett. 91 (24) (2003)
247901.
[21℄ S. N. Dorogovtsev, J. F. F. Mendes, A. Samukhin, Phys. Rev. Lett. 85
(2000) 4633.
[22℄ P. L. Krapivsky, S. Redner, F. Leyvraz, Phys. Rev. Lett. 85 (2000) 4629.
[23℄ G. Szabó, M. Alava, J. Kertész, Phys. Rev. E 67 (2003) 056102.
[24℄ A. Fronzak, P. Fronzak, J. A. Holyst, ond-mat/0306255.
7
100 101 102 103
10−9
10−8
10−7
10−6
10−5
10−4
10−3
10−2
10−1
100
p(k
)
k
Fig. 1. Results of simulated degree distributions p(k) as funtion of k, alulated
by averaging over 100 runs with networks grown to size N = 106, for m = 2 (◦),
m = 4 (), m = 8 (▽) and m = 16 (♦). The networks were generated using random
walks of length l = 1. The solid lines indiate respetive Barabási-Albert degree
distributions.
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Fig. 2. Clustering oeient of random-walk-generated networks as funtion of walk
length l for m = 2 (◦) and m = 4 (), with N = 25, 000, averaged over 100 runs.
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Fig. 3. Clustering oeient C as funtion of network size N for a) m = 4, b) m = 8,
with random walk lengths l = 1 (), l = 3 (∗), l = 5 (▽), l = 15 (+), and l = 25
(◦), alulated as averages over 100 simulated runs. The dashed lines serve as guides
to the eye and the solid line displays the theoretial predition [24℄ for lustering
oeients of Barabási-Albert-networks.
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